Abstract. It is shown that a complex normal projective variety has non-positive Kodaira dimension if it admits a non-isomorphic quasi-polarized endomorphism. The geometric structure of the variety is described by methods of equivariant lifting and fibrations.
Introduction
We work over the complex number field C. Much progress has been recently made in the study of endomorphisms of smooth projective varieties from the algebro-geometric viewpoint. Especially, the following cases of varieties are well studied: projective surfaces ( [35] , [13] ), homogeneous manifolds ( [40] , [9] ), Fano manifolds ( [1] , [3] , [20] ), projective bundles ( [2] ), and projective threefolds with non-negative Kodaira dimension ( [12] , [14] ).
Additionally,étale endomorphisms are investigated in [39] from the viewpoint of the birational classification of algebraic varieties. However, there is neither a classification of endomorphisms of singular varieties even when they are of dimension two (except for [38] ), nor any reasonably fine classification of non-étale endomorphisms of smooth threefolds, which are then necessarily uniruled.
Let V be a normal projective variety of dimension n. An endomorphism f : V → V is called polarized if there is an ample divisor H such that f * H is linearly equivalent to qH (f * H ∼ qH) for a positive number q. In this case, f is a finite surjective morphism, q is an integer, and deg f = q n (cf. Lemma 2.1 below). A surjective endomorphism of a variety of Picard number one is always polarized. Polarized endomorphisms of smooth projective varieties are studied in papers [11] and [45] . In the present article, we shall study the polarized endomorphisms of normal projective varieties (not only smooth ones).
The following Theorems 1.1 and 1.3 are our main results. Theorem 1.1. Let f : X → X be a non-isomorphic polarized endomorphism of a normal projective variety X. Then there exist a finite morphism τ : V → X from a normal projective variety V , a dominant rational map π : V ···→ A × S for an abelian variety A and a weak Calabi-Yau variety S (cf. Definition 2.9 below), and polarized endomorphisms f V : V → V , f A : A → A and f S : S → S satisfying the following conditions:
• π, i.e., the diagram below is commutative:
(2) τ isétale in codimension one.
(3) If X is not uniruled, then the Kodaira dimension κ(X) = 0 and π is an isomorphism.
(4) If X is uniruled, then, for the graph Γ π ⊂ V ×A×S of π, the projection Γ π → A×S is an equi-dimensional morphism birational to the maximal rationally connected fibration (MRC fibration in the sense of [29] , cf. [7] , [17] ) of a smooth model of V .
(5) If dim S > 0, then dim S ≥ 4 and S contains a non-quotient singular point.
In case X is smooth and κ(X) ≥ 0, Theorem 1.1 with S being a point is proved in [11] , Theorem 4.2. For uniruled X, there is a discussion related to Theorem 1.1 on endomorphisms and maximal rationally connected fibrations in [45] , Section 2.2, especially in Proposition 2.2.4 (cf. Remark 4.2 below). We expect that dim S = 0 for the variety S in Theorem 1.1. To be precise, we propose: Conjecture 1.2. A non-uniruled normal projective variety admitting a non-isomorphic polarized endomorphism is Q-abelian (cf. Definition 2.13 below), i.e., there is a finite surjective morphismétale in codimension one from an abelian variety onto the variety.
The conjecture has been proved affirmatively in [11] , Theorem 4.2, for the case of smooth varieties with non-negative Kodaira dimension. In Theorem 3.4 below, we confirm the conjecture for a non-uniruled variety X such that dim X ≤ 3 or that X has only quotient singularities.
Applying Theorem 1.1 and more, we have the following classification result, where q ♮ (X, f ) denotes the supremum of irregularities q( X ′ ) of a smooth model X ′ of X ′ for all the finite coverings τ : X ′ → Xétale in codimension one and admitting an endomorphism f ′ : X ′ → X ′ with τ • f ′ = f • τ ; we also define a similar notion q ♮ (X) (independent of f ) so that q ♮ (X, f ) ≤ q ♮ (X) in general, with equality holds when X is non-uniruled (cf.
Definition 2.6, Proposition 3.5, Theorem 3.2); see also Lemmas 4.5 and 2.8.
Theorem 1.3. Let f : X → X be a non-isomorphic polarized endomorphism of a normal projective variety X of dimension n. Then κ(X) ≤ 0 and q ♮ (X, f ) ≤ n. Furthermore, X is described as follows:
(1) Assume that q ♮ (X, f ) = 0. If n ≤ 3, or more generally, if Conjecture 1.2 is true for varieties of dimension at most n, then X is rationally connected.
(2) q ♮ (X, f ) = n if and only if X is Q-abelian (cf. Definition 2.13 below).
(3) Assume that q ♮ (X, f ) ≥ n − 3, or more generally, that Conjecture 1.2 is true for varieties of dimension at most n − q ♮ (X, f ). Then there exist a finite covering τ : V → Xétale in codimension one, a birational morphism ρ : Z → V of normal projective varieties, and a flat surjective morphism ̟ : Z → A onto an abelian variety A of dimension q ♮ (X, f ), and polarized endomorphisms f V : V → V ,
• every fiber of ̟ is irreducible, normal, and rationally connected,
e., the diagram below is commutative:
Moreover, the fundamental group π 1 (X) has a finite-index subgroup which is a finitely generated abelian group of rank at most 2q ♮ (X, f ). (a) V is a P 1 -bundle over an abelian variety.
(b) There exist a P 1 -bundle Z over an abelian variety and a birational morphism Z → V whose exceptional locus is a section of the P 1 -bundle.
Notation and Conventions. The readers may refer to the standard references such as [25] and [28] for things related to the birational classification theory of algebraic varieties and the minimal model theory of projective varieties, e.g., log-terminal singularity, canonical singularity, etc.
For a normal variety X, the canonical divisor, denoted by K X , is defined as the natural extension of the canonical divisor of the smooth locus of X. Details on a relation between the canonical divisor and the dualizing sheaf ω X and details on Weil divisors on normal varieties are explained in [41] , Appendix to §1. The notion of canonical singularity is introduced in the same paper [41] .
The Kodaira dimension κ(M) of a smooth projective variety M is a birational invariant.
The Kodaira dimension κ(X) of a singular projective variety X is defined as the Kodaira dimension κ(M) of a smooth model M of X, i.e., a smooth projective variety M birational to X.
The linear equivalence relation of divisors is denoted by the symbol ∼, the Q-linear equivalence relation by ∼ Q , and the numerical equivalence relation by ∼ ∼ ∼ .
For a projective variety Z, the singular locus is denoted by Sing Z and the smooth locus Z \ Sing Z by Z reg .
Let f : Z ′ → Z be a finite surjective morphism of normal varieties. We denote by R f the ramification divisor of f , which is just the natural extension of the ramification divisor of
has codimension at least two; in other words, for a prime divisor Γ on Z ′ , mult Γ (R f ) = m − 1 if and only if mult Γ (f * (f (Γ))) = m, where mult Γ (D) denotes the multiplicity of a divisor D along Γ. As usual, we have the ramification formula:
finite surjective morphism is calledétale in codimension one if R f = 0 or equivalently if f isétale over Z \ Σ for a closed subset Σ with codim(Σ) ≥ 2.
Remark 1.4. If Z is smooth and if Σ is a closed subset with codim(Σ) ≥ 2, then the
This property implies the birational invariance of the fundamental group of a smooth projective variety. Moreover, the same property implies that if Z is smooth and if Z ′ → Z is a finite surjective morphismétale in codimension one from a normal variety Z ′ , then, it is actuallyétale. Therefore, for an arbitrary normal variety V , a finite surjective morphism V ′ → Vétale in codimension one from a normal variety V ′ is determined uniquely up to isomorphism over V by a finite index subgroup of π 1 (V reg ).
The irregularity q(X) of a normal projective variety X is defined as dim H 1 (X, O X ).
In Definition 2.6 below, we define q • (X) to be the supremum of q(X ′ ) for all the normal projective varieties X ′ with finite surjective morphisms X ′ → Xétale in codimension one. More variants of the irregularity q(X) are defined in Definition 2.6.
A normal projective variety Y with only canonical singularities is called a weak CalabiYau variety if K Y ∼ 0 and q • (Y ) = 0 (cf. Definition 2.9 below and its remark).
A normal projective variety W is called Q-abelian if there is a finite surjective morphism A → Wétale in codimension one from an abelian variety A (cf. Definition 2.13 below and its remark). A similar notion "Q-torus" is introduced in [34] , which is a Kähler version and is restricted toétale coverings.
for an ample divisor (resp. a nef and big divisor) H for some positive integer q (cf. 
Some basic properties
A surjective endomorphism of a normal projective variety is a finite morphism by the same argument as in [12] , Lemma 2.3. In fact, such an endomorphism f : X → X induces an automorphism f * : N 1 (X) → N 1 (X) of the real vector space N 1 (X) := NS(X) ⊗ R for the Néron-Severi group NS(X), so the pullback of an ample divisor is ample, which implies the finiteness of f .
Lemma 2.1. Let f : X → X be an endomorphism of an n-dimensional normal projective variety X such that f * H ∼ ∼ ∼ qH for a positive number q and for a nef and big divisor H. Then q is a positive integer and deg f = q n . Moreover, the absolute value of any eigenvalue of f * :
Proof. Comparing the self-intersection numbers (f * H) n and H n , we have deg f = q n . In particular, q is an algebraic integer. Since the numerical equivalence classes of f * H and H in N 1 (X) belong to the image of Néron-Severi group NS(X), q is a rational number.
Hence, q is an integer. Let λ be the spectral radius of f * : N 1 (X) → N 1 (X), i.e., the maximum of the absolute values of eigenvalues of f * . Then there is a nef R-Cartier Rdivisor D such that D ∼ ∼ ∼ 0 and f * D ∼ ∼ ∼ λD, by a version of the Perron-Frobenius theorem (cf. [5] ). Suppose that λ = q. Then DH n−1 = 0 by the equalities
Thus, D ∼ ∼ ∼ 0 by Lemma 2.2 below. This is a contradiction. Therefore, λ = q. For the spectral radius λ ′ of (f * ) −1 , λ ′−1 is the minimum of the absolute values of eigenvalues of f * . By the same version of the Perron-Frobenius theorem, we also have a nef R-Cartier
by the same reason as above. Hence, the absolute value of any eigenvalue of f * is q.
Corollary. The degree of a quasi-polarized endomorphism of a normal projective variety of dimension n is the n-th power q n of a positive integer q.
The lemma below is regarded as a generalization of a part of the Hodge index theorem and it is used in the proofs of Lemma 2.1 and Theorem 3.2.
Lemma 2.2. Let X be a smooth projective variety of dimension n ≥ 2. Suppose that an R-divisor D satisfies the following two conditions:
Then D is numerically trivial.
Proof. Let A be an ample divisor on X. Then, there exist a rational number a and an
by (1) and (2) . Hence, we may assume H 1 = A. Applying the same argument to H i for i ≥ 2, we have 
The endomorphism in Lemma 2.1 is shown to be quasi-polarized by the following:
Lemma 2.3. Let f : X → X be an endomorphism of an n-dimensional normal projective variety X such that f * H ∼ ∼ ∼ qH for a positive number q and for a nef and big divisor H.
Then the following assertions hold :
(1) The absolute value of any eigenvalue of f * :
(2) There is a nef and big divisor
In particular, f is quasi-polarized by H ′ .
Proof. (1): There exist birational morphisms µ : M → X and ν : Z → X from smooth projective varieties M and Z, and a generically finite surjective morphism h :
We may assume that the birational map ψ :
is holomorphic. Then, we have a commutative diagram:
we can find an element
There is an
Thus, we are done.
Remark. The proof of Lemma 2.3 is similar to that of [45] , Theorem 1.1.2, where X is assumed to be smooth.
In the proof of Lemma 2.3, we used the result below:
Lemma 2.4. Let M be an n-dimensional smooth projective variety and L a nef and big divisor. Then the Hermitian form , on H 0,1 (M) defined by
is positive definite.
Proof. We may assume that n ≥ 2, since it is well-known to be positive definite in case n = 1. If L is ample, then the bilinear form is positive definite by the hard Lefschetz theorem. Thus, the bilinear form is positive semi-definite even if we replace L with a nef divisor. Let W be a prime divisor of M. Then
is non-negative for any ξ ∈ H 0,1 (M). In fact, it is equal to
for a resolution of singularities ϕ : W → W , and it is non-negative by the reason above.
There exist a positive integer m, a smooth ample divisor A, and an effective divisor E = e i E i such that mL ∼ A + E. Then
Hence, if ξ, ξ = 0, then
Since L| A is nef and big, we can consider the induction on dim M. Then, we have ξ| A = 0 as an element of H 0,1 (A) by induction. Therefore, ξ = 0, since
the Kodaira vanishing theorem for n ≥ 2 and hence
We borrow the following property of Galois closures of powers
Lemma 2.5. Let f : X → X be a non-isomorphic surjective endomorphism of a normal projective variety X. Let θ k : V k → X be the Galois closure of f k : X → X for k ≥ 1 and let τ k : V k → X be the induced finite Galois covering such that
Definition 2.6. Let X be a normal projective variety. The irregularity q(X) is defined as dim H 1 (X, O X ). We define the following variants of q(X):
(1)q(X) := q( X) for a smooth model X of X (This is well-defined).
(2) q • (X) (resp. q ♮ (X) ) is defined to be the supremum of q(X ′ ) (resp.q(X ′ ) ) for a normal projective variety X ′ with a finite surjective morphism τ : X ′ → Xétale in codimension one. Namely,
(3) Suppose that X admits a surjective endomorphism f : X → X. Then we define q • (X, f ) (resp. q ♮ (X, f ) ) to be the supremum of q(X ′ ) (resp.q(X ′ ) ) for a normal projective variety X ′ with a finite surjective morphism τ : X ′ → Xétale in codimension one and with an endomorphism f ′ :
Remark. If X is a smooth projective variety, then q • (X) equals q max (X) defined in [39] .
Remark 2.7. Let τ : X ′ → X be a finite surjective morphism of normal varietiesétale in codimension one. Then:
(1) X has only log-terminal singularities if and only if so does X ′ .
(2) If X has only canonical singularities, then so does X ′ .
These well-known properties are derived from [41] , Proposition (1.7) and [22] , Proposition 1.7, as follows. The assertion (1) is proved just by the same argument as in the proof of [22] , Proposition 1.7. If we replace the logarithmic ramification formula in the proof with the usual ramification formula, then we can prove (2); this was already done in [41] , Proposition (1.7), (I). Another proof of these properties is found in [28] , Proposition 5.20, but it is essentially the same as above.
Lemma 2.8. Let X be a normal projective variety with only log-terminal singularities.
Then q
Proof. If X ′ is a normal variety with a finite covering X ′ → Xétale in codimension one, then X ′ is also log-terminal (cf. Remark 2.7). In particular, X ′ has only rational singularities, and hence q(
. Considering the special case where X ′ admits an endomorphism compatible with f , we have q
We also have q Remark. The notion of weak Calabi-Yau variety is slightly different from that in [39] in which only finiteétale coverings were taken into consideration. A weak Calabi-Yau variety has dimension at least two. A two-dimensional weak Calabi-Yau variety is nothing but a normal projective surface such that the minimal resolution of singularities is a K3 surface and that there is no finite surjective morphism from any abelian surface.
Proposition 2.10. Let X be a normal projective variety with only log-terminal singularities such that K X ∼ Q 0. Then:
In particular, there is a finite Galois covering
(2) q(X) = dim X if and only if X is an abelian variety.
(3) There exists a finite covering A × S → Xétale in codimension one for an abelian variety A of dimension q • (X) and a weak Calabi-Yau variety S.
Proof. Let r be the smallest positive integer such that rK X ∼ 0. Then, there is a cyclic covering X → X of degree rétale in codimension one from a normal projective variety X such that K X ∼ 0. The covering is unique up to isomorphism over X and is called the global index-one covering (or the canonical cover in [22] ). Then, X has only canonical singularities by [22] , Proposition 1. be the Albanese map; this is holomorphic, since Y has only rational singularities (cf.
[23], Lemma 8.1). Then, α is anétale fiber bundle by [23] , Theorem 8.3, i.e., there is a finiteétale covering
we have q • (X) ≤ dim X, since any finite covering X ′ → Xétale in codimension one is dominated by such a variety Y . By the boundedness of q • (X), we have a finite covering
(1) has been proved.
In order to prove the other assertions (2) and (3), we may assume that q
and that the composite Y → X → X is Galois. Let G be the Galois group of Y → X.
Therefore, every element of G acts on A as a translation. Hence, the quotient variety X ≃ G\A is also an abelian variety.
Conversely, if X is an abelian variety, then q(X) = dim X. Thus, (2) has been proved.
We shall prove the remaining assertion (3): If q
variety by the argument above. Thus, we may assume that q • (X) < dim X. Then the fiber F of α is positive-dimensional and has only canonical singularities with K F ∼ 0.
If q • (F ) > 0, then applying the same argument above to F , we have a finite covering A 0 × F 0 → Fétale in codimension one for a positive-dimensional abelian variety A 0 and a normal projective variety F 0 . Thus, we have a finite covering A ′ × A 0 × F 0 → Xétale in codimension one and a contradiction by
Therefore, F is a weak Calabi-Yau variety. Hence, the covering
Y → X satisfies the required condition of (3). Thus, we are done.
Corollary 2.11. Let S be a weak Calabi-Yau variety and A an abelian variety. Then
By Proposition 2.10, there is a finite surjective morphism τ :
Since the first projections p 1 : A×S → A and p
the Albanese maps, we have a surjective morphism ϕ :
B is a positive-dimensional abelian variety. By restricting τ , we have a finite covering
We have the following variant of [39] , Proposition 4.3, which treats onlyétale coverings and varieties with only canonical singularities:
Lemma 2.12. Let V be a normal projective variety with only log-terminal singularities such that K V ∼ Q 0. Then there exists a finite morphism τ : V ∼ → V satisfying the following conditions, uniquely up to isomorphism over V :
(1) τ isétale in codimension one. (2), then there exists a finite surjective
We call τ the Albanese closure of V in codimension one.
Proof. The same argument as in the proof of [39] Z) ). Let G 0 be the kernel and let W 0 be the quotient Remark. By Proposition 2.10, a Q-abelian variety is characterized as a normal projective variety X with only log-terminal singularities such that K X ∼ Q 0 and q
The Albanese closure of a Q-abelian variety is abelian, by Proposition 2.10, (2).
A surjective endomorphism of the direct product of certain varieties is split. The following gives an example:
Lemma 2.14. Let A be an abelian variety and S a normal projective variety with only rational singularities. Suppose that q(S) = 0 and that S is not uniruled. Let f : S × A → S × A be a surjective morphism. Then f = f S × f A for suitable endomorphisms f S and f A of S and A, respectively.
Proof. By the universality of the Albanese map, f induces a surjective endomorphism f A of A = Alb(S × A). We can write the endomorphism f as
By [19] , Theorem 3.1, the compact subvariety Im(ρ) is contained in the orbit of some f S ∈ Sur(S) by the action of Aut 0 (S). For a smooth model S ′ of S, the birational automorphism group Bir(S ′ ) contains Aut 0 (S) as a subgroup. By [18] , Theorem (2.1), Bir(S ′ ) is a disjoint union of abelian varieties of dimension equal to q(S ′ ) = q(S) = 0.
Thus Im(ρ) consists of a single element, say {f S }. Then f = f S × f A .
The non-uniruled case
In this section, we shall study non-isomorphic quasi-polarized endomorphisms of non- (1, 1, . . . , 1) as singularities, and 2K X ∼ 0. Thus, X is not uniruled and f m is a non-isomorphic polarized endomorphism for m > 1.
In the examples above, X has only canonical singularities and K X ∼ Q 0. These properties hold in general by the following fundamental result:
Theorem 3.2. Let f : V → V be a surjective endomorphism of a normal projective variety V and let H be a nef and big Cartier divisor on V such that f * H ∼ qH for a positive integer q > 1. Suppose that V is not uniruled. Then, there exist a projective birational morphism σ : V → X onto a normal projective variety X, an endomorphism f X of X, and an ample divisor A on X such that (1) X has only canonical singularities with K X ∼ Q 0,
* A, and
In particular, if H is ample, then V has only canonical singularities, K V ∼ Q 0, and f iś etale in codimension one.
Proof. We may assume that V is of dimension n ≥ 2. Taking intersection numbers with (f * (H)) n−1 = f * (H) · · · f * (H) of the both sides of the ramification formula:
in the sense of [36] :
an effective R-divisor determined by the following property:
Here, an R-divisor D is called movable if: for any ε > 0, any ample divisor H ′ and any prime divisor Γ, there is an effective R-divisor ∆ such that ∆ ∼ ∼ ∼ D + εH ′ and Γ ⊂ Supp ∆ (cf. [36] , Chapter III, §1.b). In particular, P σ (K Y ) satisfies the condition (1) of Lemma 2.2.
Furthermore,
2. This implies that the numerical Kodaira dimension κ σ (Y ) of Y in the sense of [36] , Chapter V, is zero. Namely, for any
Chapter V, Corollary 1.12). By Theorem 4.8 of [36] , Chapter V, which is the abundance theorem for κ σ = 0, we have κ(Y ) = 0. In particular,
negative part is E and whose positive part is Q-linearly equivalent to µ * H by [36] , Chapter III, Proposition 3.7, i.e., N σ (K Y + µ * H) = E, and
Zariski-decomposition above in the sense of [36] coincides with the Zariski-decomposition in the sense of Cutkosky-Kawamata-Moriwaki ([10] , [24] , [32] ) or that of Fujita [15] , since the divisor K Y + µ * H is big (cf. [36] , Chapter III, Remark 1.17). Thus, the positive part In particular, Bs |mH| = ∅ for m ≫ 0. Let σ : V → X be the birational morphism onto a normal projective variety X defined by the free linear system |mH| for m ≫ 0. Then
Hence, f X isétale in codimension one. The last assertion follows immediately, since σ is isomorphic if H is ample. Thus, we are done.
The following gives a sufficient condition for a normal projective variety admitting polarized endomorphisms to be Q-abelian (cf. Definition 2.13): Theorem 3.3. Let f : X → X be a non-isomorphic polarized endomorphism of an ndimensional normal projective variety X. Assume that f isétale in codimension one and that, for any point P ∈ Sing X, there is a connected analytic open neighborhood U of P such that the algebraic fundamental group π alg 1 (U reg ) is finite. Then X is a Q-abelian variety.
Proof. For a positive integer k, let θ k : V k → X be the Galois closure of f k , and let τ k , θ k , g k , and h k be as in Lemma 2.5, which are allétale in codimension one (cf. Remark 1.4).
Then, g k and h k are bothétale for k ≫ 0 by the claim below applied to the cases
Claim. For the X above, let α k : V k → X be finite Galois coverings and let γ k : V k+1 → V k be finite surjective morphisms defined for k ≥ 1 such that α k and γ k areétale in codimension one and
Proof. For a point P ∈ Sing X, let U ⊂ X be a connected analytic open neighborhood
, let V (depending on Q and k) be the connected component of α
Note that Π(U; k) = π alg 1 (V reg ) by Remark 1.4. Since α k is Galois, Π(U; k) is independent of the choice of Q ∈ α −1 k (P ) and is a normal subgroup of π alg 1 (U reg ). By the finiteness assumption of π alg 1 (U reg ), we have a positive integer k P such that the injection γ k * : Π(U; k + 1) → Π(U; k) is isomorphic for any k ≥ k P . As a consequence, we infer that γ k : V k+1 → V k isétale along α −1 k+1 (P ) for any k ≥ k P . Since Sing X is compact, we can find a positive integer k 0 such that γ k : V k+1 → V k isétale for any k ≥ k 0 .
Proof of Theorem 3.3 continued. We fix a large positive integer k such that g k and h k are bothétale. We shall show that V k is smooth. Assume the contrary that Sing V k = ∅. We
A be an ample divisor on X such that f * A ∼ qA for an integer q > 1. We set A l to be the ample divisor τ * l A for any l ≥ 1. Then g * k A k ∼ A k+1 and h * k A k ∼ qA k+1 . Hence, we have the equalities
by a similar calculation of intersection numbers as above. Then c 1 (V k ) is numerically trivial by the hard Lefschetz theorem. Moreover, the vanishing of c 2 (V k )A n−2 k implies that anétale covering of V k is an abelian variety by [44] (cf. [4] ). Therefore, X is a Q-abelian variety.
Remark. An argument on the Galois closure in the proof of Theorem 3.3 is borrowed from [38] . A result of Campana [8] , Corollary 6.3, gives another proof of Theorem 3.3 in the case where K X ∼ Q 0 and X has only quotient singularities.
Applying Theorems 3.2 and 3.3, we have the following partial answer to Conjecture 1.2.
Theorem 3.4. Let X be a non-uniruled normal projective variety such that dim X ≤ 3 or that X has only quotient singularities. If X admits a non-isomorphic polarized endomorphism, then X is Q-abelian.
Proof. By Theorem 3.3, it is enough to show that any singular point has a connected
analytic open neighborhood U such that π alg 1 (U reg ) is finite. If X has only quotient singularities, then this is true. We know that X has only canonical singularities by Theorem 3.2. If dim X ≤ 2, then X has only quotient singularities. If dim X = 3, then the finiteness of π alg 1 (U reg ) is proved in [42] , Theorem 3.6. Thus, we are done.
Even though Conjecture 1.2 is still open, we have the following:
Proposition 3.5. Let X be a normal projective variety and f : X → X a polarized endomorphism of X such that deg f = q dim X for an integer q ≥ 1. Assume that X has only log-terminal singularities and K X ∼ Q 0. Then there exist a finite covering τ : A × S → Xétale in codimension one for an abelian variety A and a weak Calabi-Yau variety S, and polarized endomorphisms f A :
Proof. By Lemma 2.1 and its corollary, there is an ample divisor H on X such that f * (H) ∼ qH.
Step 1. Reduction to the case where X has only canonical singularities with K X ∼ 0:
Let ν : X → X be the global index-one cover, i.e., the minimal cyclic covering satisfying K X ∼ 0 (cf. the proof of Proposition 2.10). Then X has only canonical singularities by [22] , Proposition 1.7. By the uniqueness of the global index-one cover, there is an endomorphismf : X → X such that ν •f = f • ν. This is shown as follows: For the normalization X ♭ of the fiber product X × X X of ν and f over X, let p produces an endomorphismf :
Therefore, we may assume that X has only canonical singularities with K X ∼ 0 by replacing (X, f ) with ( X,f ). Note that the replacement does not affect the last equalities of Proposition 3.5 by Lemma 2.8.
Step 2. Reduction to the case where q • (X) = q(X): Let λ : X ∼ → X be the Albanese closure of X in codimension one defined in Lemma 2.12. By the uniqueness of λ, X ∼ admits an endomorphismf such that λ •f = f • λ. This is shown as follows: For the normalization X ♯ of the fiber product X ∼ × X X of λ and f , let p 
On the other hand, p ♯ 2 isétale in codimension one, since so is X ∼ → X. By Lemma 2.12,
since f * (H) ∼ qH. Therefore, we may assume that q • (X) = q(X) by replacing (X, f ) with (X ∼ ,f ). Note again that the replacement does not affect the last equalities of Proposition 3.5 by Lemma 2.8.
Step 3. The final step: We may assume that X has only canonical singularities, K X ∼ 0, and q
• (X) = q(X), by the previous steps. If q(X) = 0, then X is weak CalabiYau, and Proposition 3.5 holds in this case. Thus, we may assume that q(X) > 0. Let α : X → A := Alb(X) be the Albanese map. Then, there is an endomorphism f 
We have an endomorphism f S : S → S such that f W = f S × f A by Lemma 2.14. Then, f S and f A are polarized endomorphisms with deg f A = q dim A and deg f S = q dim S by [37] , Proposition 4.17. It remains to show the last equalities. We have q 
Thus, the expected equalities also hold. The following result gives a descent property of polarized endomorphisms by maximal rationally connected fibrations, which is proved in [37] , Section 4.3. (1) W and Y are normal projective varieties, and dim Y < dim X.
(2) Y is not uniruled if dim Y > 0.
(3) A general fiber of p is rationally connected.
e., the diagram below is commutative: An outline of the proof of Lemma 4.1 is as follows: We take a dominant rational map X ···→ Y which is birational to the maximal rationally connected fibration X ···→ Y (cf. [7] , [29] , [17] ) of a smooth model X of X. It is determined uniquely up to birational equivalence by the property that Y is not uniruled (when dim Y > 0) and a general 'fiber' of X ···→ Y is rationally connected. Among the choices of the rational maps X ···→ Y , we can select a unique one up to isomorphism by the following two properties: Hence the study of quasi-polarized endomorphisms on uniruled varieties is reduced, to some extent, to that on rationally connected varieties. 
fiber is rationally connected, and polarized endomorphisms f
hence, the diagram below is commutative and all the varieties admit mutually compatible polarized endomorphisms:
and f Y ′ satisfy the same conditions as in Lemma 4.1 for
morphisms induced from the first and second projections, respectively. Then, a general fiber of p ′ is also a rationally connected variety. In particular, W ′ is connected; thus W ′ is a normal projective variety. Since p is equi-dimensional, p ′ is also equi-dimensional and the finite morphism δ : W ′ → W isétale in codimension one. As the Stein factorization of
, and the restriction
Thus, the Stein factorization of (τ •σ
above. The endomorphism f ′ is polarized by the pullback of an ample divisor on X polarizing f . Thus, we are done.
Lemma 4.5. In the situation of Lemma 4.1, assume that f is non-isomorphic and polarized. Then:
(1) Y has only canonical singularities with
of the fundamental groups is isomorphic and σ * :
Proof. The assertion (1) follows from Theorem 3.2 and Lemma 4. 
by the injections σ * :
On the other hand, q( Y ) =q(Y ) = q(Y ), since Y has only rational singularities. We have R 1p * O W = 0 by Kollár's torsion free theorem [26] , since a general fiber ofp is rationally connected. Hence, q( W ) = q( Y ), consequently, q(Y ) =q(X) ≥ q(X). For the proof of (2), it remains to show the inequality:
We can take a normal projective variety Y ′ , a finite covering θ : Y ′ → Yétale in codimension one, and
Lemma 4.4, we have a normal projective variety X ′ , a finite covering τ : X ′ → Xétale in codimension one, and an endomorphism f ′ :
above. Thus, the assertion (2) has been proved.
Next, we shall prove (3). Let U ⊂ X be a Zariski open dense subset of X such that µ since X is normal. Similarly, π 1 (σ −1 (U)) → π 1 (W ) and π 1 (µ
surjective. Thus, µ W * : π 1 ( W ) → π 1 (W ) and σ * : π 1 (W ) → π 1 (X) are surjective. On the other hand, by [43] ,
is an isomorphism, since Y has only canonical singularities. Moreover,p * :
is an isomorphism, by [27] , Theorem 5.2 (cf.
[39], Lemma 5.3). Hence,
. Thus the assertion (3) has been proved.
Corollary 4.6. Let X be an n-dimensional normal projective variety admitting a nonisomorphic polarized endomorphism f : X → X. Then:
(1) The inequality q ♮ (X, f ) ≤ n holds, in which the equality holds if and only if X is Q-abelian.
(2) If Conjecture 1.2 is true for the varieties of dimension at most n − q ♮ (X, f ), then π 1 (X) contains a finite-index subgroup which is a finitely generated abelian group of rank at most 2q ♮ (X, f ).
Proof. (1): Suppose that X is not uniruled. Then, X has only canonical singularities and K X ∼ Q 0 by Theorem 3.2. Hence, q ♮ (X, f ) ≤ n in which the equality holds if and only if X is Q-abelian, by Proposition 3.5. Therefore, we have only to show q ♮ (X, f ) < n assuming that X is uniruled. By replacing X with a finite covering X → Xétale in codimension one and by replacing f with an endomorphism of X compatible with the original f , we may assume that q ♮ (X, f ) =q(X). Then, for the morphisms σ : W → X and p : W → Y in Lemma 4.1, we haveq(X) = q(Y ) ≤ dim Y < dim X = n by Lemma 4.5, (2). Thus, the assertion (1) has been proved.
(2): Letτ : X → X be a finite coveringétale in codimension one from a normal projective variety X andf : X → X an endomorphism such thatτ
is injective and its image is a finite-index subgroup (cf. Remark 1.4). Since the natural inclusion X reg ֒→ X induces a surjection π 1 (X reg ) → π 1 (X), the image of τ * : π 1 ( X) → π 1 (X) is also a finite-index subgroup. Thus, we may replace (X, f ) with ( X,f). Therefore, we can assume that q ♮ (X, f ) =q(X). Let q be the positive integer defined by q n = deg f .
Assume first that X is not uniruled. Then, X has only canonical singularities and K X ∼ Q 0 by Theorem 3.2. By Proposition 3.5, we may assume that X = A × S and f = f A × f S for an abelian variety A, a weak Calabi-Yau variety S, and polarized endomorphisms f A : A → A and f S : S → S with deg f A = q dim A and deg f S = q dim S , respectively. Since dim S = n − dim A = n − q ♮ (X, f ), we infer that S is a point by our assumption on Conjecture 1.2. Thus, n = q ♮ (X, f ), X = A, and π 1 (X) is a free abelian group of rank 2n = 2q ♮ (X, f ). Therefore, the assertion (2) is true when X is not uniruled. 
.
, we can apply the previous argument to the non-uniruled variety Y . Thus, π 1 (Y ) contains a finite-index subgroup which is a finitely generated abelian group of rank at most 2q
Hence, π 1 (X) has the same property, since we have the surjection π 1 (Y ) → π 1 (X). Therefore, the assertion (2) has been proved. Now, we are ready to prove Theorem 1.1, which is a consequence of Theorems 3.2 and 3.4, Proposition 3.5, and Lemmas 4.1 and 4.4.
Proof of Theorem 1.1. If X is not uniruled, then it is proved in Theorems 3.2 and 3.4, and Proposition 3.5. Thus, we may assume that X is uniruled. We apply Lemma 4.1 to • Z is irreducible.
• The fibration Z → A × S is equi-dimensional and is birational to the maximal rationally connected fibration of a smooth model of Z.
• The finite surjective morphisms Z → W and V → X areétale in codimension one.
• There exist polarized endomorphisms f Z : Z → Z and f V : V → V such that f V is compatible with f and that f Z is compatible with f W , f V and f A × f S .
Let π : V ···→ A × S be the rational map ̟ • ρ −1 . Then Z is just the normalization of the graph Γ π of π. In particular, Γ π → A × S is equi-dimensional. Thus, the conditions required in Theorem 1.1 are all satisfied.
The proof of Theorem 1.3 uses the following:
Lemma 4.7. Let Z be the normalization of the graph of π : V ···→ A × S in Theorem 1.1 and let ̟ : Z → A × S be the induced equi-dimensional morphism. Suppose that dim S = 0. Then ̟ is flat, and any fiber of ̟ is irreducible, normal, and rationally connected. If 
where p 1 and p 2 denote the first and second projections, and f Z = p 1 • ψ. Note that p 1 isétale, since so is f A . Thus, Z 1 is also a normal projective variety and ψ is a finite surjective morphism.
Step 1. We shall prove: If a subset Σ ⊂ A is not Zariski dense and f
We shall derive a contradiction by assuming Σ = ∅. First, we note that f Step 2. We shall prove: Any fiber of ̟ is irreducible.
Let Σ be the set of points y ∈ A such that ̟ −1 (y) is reducible. Then
Since a general fiber of ̟ is irreducible, we have Σ = ∅ by Step 1.
Step 3. We shall prove: ̟ is flat.
Let L be an ample divisor on Z such that f * Z L ∼ qL. Since O Z 1 is a direct summand of ψ * O Z (cf. the first part of the proof of Lemma 4.8 below), we infer that
as a direct summand. In particular, if ̟ * O Z (qL) is locally free at a point y ∈ A, then so is ̟ * O Z (L) at f A (y). Let U be the set of points y ∈ A such that ̟ is flat along ̟ −1 (y).
Then U is a Zariski open dense subset. The argument above says that f A (U) ⊂ U, since y ∈ U if and only if ̟ * O Z (mL) is locally free at y for m ≫ 0 (cf. [16] , Proposition 7.9.14).
Thus, for the complement Σ of U in A, we have f
Step 1, and hence ̟ is flat.
Step 4. We shall prove: Any fiber of ̟ is normal.
Let Σ be the set of points y ∈ A such that the fiber F y := ̟ −1 (y) is not normal.
We fix a point y ∈ Σ and a non-normal point x of F y . For a point y
Assume that y ′ ∈ Σ, i.e., F y ′ is normal.
We have affine open neighborhoods U ′ ⊂ Z and U 1 ⊂ Z 1 of x ′ and x 1 , respectively, such that
and U 1 = Spec R 1 for finitely generated C-algebras R ′ and R 1 such that R ′ and R 1 are normal domains, R 1 is a subalgebra of R ′ and that R ′ is a finite R 1 -module. Let I be the ideal of R 1 defining the closed subscheme 
Since a general fiber of ̟ is normal, we have Σ = ∅ by Step 1,
Step 5. We shall prove: Any fiber of ̟ is rationally connected.
A general fiber of ̟ is rationally connected by the construction of ̟ in the proof of Theorem 1.1. Let Σ be the set of points y ∈ A such that the fiber F y = ̟ −1 (y) is not rationally connected. If F y ′ is rationally connected for a point
Step 6. End of the proof:
Finally, we consider the case where dim Z/A = 1. Then, ̟ is flat and any fiber of ̟ is P 1 by Steps 2-5. In particular, ̟ is smooth and is a holomorphic P 1 -bundle. Thus, we are done.
The lemma below on commutative algebra is used in Step 4 of the proof of Lemma 4.7:
Lemma 4.8. Let R 0 and R 1 be commutative algebras finitely generated over a field k of characteristic zero. Assume that R 0 and R 1 are normal integral domains, R 0 is a k-subalgebra of R 1 and that R 1 is a finite R 0 -module. Let I be an ideal of R 0 such that
Proof. Since the characteristic of k is zero, R 0 is a direct summand of the R 0 -module R 1 . This is shown as follows: Let K i be the field of fractions of R i for i = 0, 1. Then, K 1 is a finite extension of K 0 . Let t : K 1 → K 0 be the trace map of the extension A holomorphic P 1 -bundle is not necessarily associated with a locally free sheaf of rank two. But we have the following result on holomorphic P 1 -bundles over abelian varieties:
Lemma 4.9. Let Z → A be a holomorphic P 1 -bundle over an abelian variety A. For the multiplication map ν 2 : A → A by 2, let Z ′ → A be the P 1 -bundle obtained by the pullback of Z → A by ν 2 . Then, there exists a locally free sheaf E of rank two on A such that Z ′ ≃ P A (E) and det E ≃ O A .
Proof. We have an exact sequence Proof of Theorem 1.3. We may assume that n = dim X > 0. We have κ(X) ≤ 0 by Theorem 1.1. The inequality q ♮ (X, f ) ≤ n and the assertion (2) are proved in Corollary 4.6,
We shall prove ( Suppose that q ♮ (X, f ) = n − 1. Then ̟ : Z → A is a holomorphic P 1 -bundle by Lemma 4.7. Assume that ρ : Z → V is an isomorphism. Then, this corresponds to the case (4a) in a weak sense. However, by replacing V by a finiteétale covering, we can prove that V is a P 1 -bundle associated with a locally free sheaf of rank two, as follows.
By Lemma 4.9, the fiber product Z × A,ν 2 A is a P 1 -bundle associated with a locally free sheaf of rank two for the multiplication map ν 2 : A → A by 2 with respect to a certain group structure of A. There is an endomorphism f
by [39] , Lemma 4.9. Thus, we may replace Z ≃ V with theétale covering Z × A,ν 2 A by A (Σ) ⊂ Σ. Hence, Σ = ∅ by Step 1 in the proof of Lemma 4.7. Therefore, ̟| E : E → A is a finite surjective morphism. It is enough to show that E is a section of ̟, which is equivalent to that ̟| E : E → A is bijective, since A is normal. If E is a section of ̟, then ̟ is a P 1 -bundle associated with the locally free sheaf ̟ * O Z (E) of rank two.
Let P ∈ A be an arbitrary point. Then, there exists a positive-dimensional fiber Γ of E ⊂ Z → V such that P ∈ ̟(Γ). Let C be the normalization of an irreducible curve in ̟(Γ) passing through P and let ν : C → A be the induced finite morphism. Then, Z × A C is a P 1 -bundle over C. It suffices to prove that the support of E × A C is a section of the P 1 -bundle. Note that Z × A C → Z → V is generically injective and it contracts any irreducible component γ of E × A C to a point. Since Z × A C is a P 1 -bundle over C, the irreducible component γ is a unique curve of Z × A C with negative self-intersection number and it is a section of the P 1 -bundle. Hence the support of E × A C is just the section γ. Therefore, E is a section of ̟, and the condition (4b) is satisfied. Thus, we are done.
